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Following past investigations, we explore the symmetries of the Hamilton-Jaobi osmologial
equations in the generalized path formalism desribing braneworld and tahyon senarios. Dualities
between dierent pathes are established and regular dual solutions, either ontrating or phantom-
like, are onstruted.
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Reently a lot of attention has been devoted to the
symmetries of the osmologial dynamis. Transforma-
tions of the Einstein equations, enoded in the Fried-
mann relation oupled to the equations of motion for the
matter ontent in the Universe, link standard ination-
ary osmologies to other possible phases [1, 2, 3, 4, 5,
6, 7, 8, 9, 10, 11, 12, 13℄. These are either ontrat-
ing periods, ideally embedded in some motivated high-
energy pre-inationary framework, or superaelerating
osmologies, a¨/a > H2, dominated by a matter om-
ponent (alled phantom) with and eetive equation
of state p < −ρ. Suh senarios are of partiular in-
terest from both a theoretial and observational point
of view, sine the rst one is intertwined with the big
bang problem and the resolution of the initial singular-
ity, while phantoms might explain modern data on the
late-time evolution of the Universe. Conversely, bouning
events an leave their imprint on the large-sale pertur-
bation spetra, while a phantom omponent an arise in
a stringy or supersymmetri setup.
In four dimensions, these dualities (ination-
ontration, ination-phantom and ontration-
phantom) are exat, in the sense that not only the
dynamis but also the osmologial spetrum of salar
perturbations is preserved. The issue has then been
generalized to the braneworld ontext [14, 15℄. Sine
braneworld spetra are broken under duality, and
mapped into a quantitatively dierent ontrating-like
or phantom-like spetra, these transformations are not
symmetries in the strit meaning of the word.
In this Letter we shall use the results of [14℄ and extend
them to dualities between dierent pathes, whih we will
all ross dualities. Then, by onsidering the general in-
variane of the path Hamilton-Jaobi equations we will
be able to onstrut dual solutions with anonial be-
haviour, that is not suering sudden future singularities.
The starting point is the Friedmann equation
H2 = β2ρq , (1)
∗
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valid in some partiular energy regime (a path) or time
interval during the evolution of the braneworld. Here H
is the eetive Hubble rate experiened by an observer on
the brane, ρ is the eetive energy density related to pres-
sure by the equation of state p = wρ, β is a onstant and
the exponent q is equal to 1 in the pure four-dimensional
general-relativisti regime, q = 2 in the high-energy limit
of the Randall-Sundrum (RS) braneworld and q = 2/3 in
the high-energy limit of the Gauss-Bonnet (GB) senario.
During ination, the osmologial evolution is trig-
gered by a salar eld ϕ with potential V (ϕ) and equa-
tions of motion
V (φ) =
(
1− ǫ
3q
)
|H |2−θ , (2)
V 2(T ) =
(
1− 2ǫ
3q
)
H2(2−θ) , (3)
H ′a′ = −3q
2
ℓ|H |θ˜Ha , (4)
where we have set βq = 1, φ is an ordinary salar eld, T
is a Dira-Born-Infeld (DBI) tahyon, ℓ = 1 for ordinary
ausal elds and ℓ = −1 for phantoms. Also, θ˜ = θ ≡
2(1 − q−1) for the ordinary salar and θ˜ = 2 for the
tahyon, and the parameter
ǫ ≡ −d lnH
d ln a
= − a
a′
H ′
H
, (5)
denes the time variation of the Hubble radius RH ≡
H−1, where derivatives of the inaton eld are denoted
with primes. We will use the symbol ϕ to indiate the
inaton eld in expressions valid for both the normal
salar and the tahyon. It is onvenient to dene the
new parameter
ε ≡ ǫ
q|H |θ =
3
2
ℓ
( a
a′
)2
; (6)
then one an express the spetral amplitudes as As(φ)
2 ∝
H2/ε, As(T )
2 ∝ Hθ/ε and get the spetral indies from
the evolution equation ε˙ = 2Hε(ǫ− η), whih reprodues
the 4D one when ε = ǫ.
2The Hamilton-Jaobi equation (4) an be reast as
y(ϕ)′a(ϕ)′ = −y(ϕ)a(ϕ) , (7)
where the variable y(ϕ) is
y(φ) = H(φ)2ℓ/3 , θ = 0 , (8)
y(ϕ) ≡ exp
[
α|H(ϕ)|−θ˜
]
, θ˜ 6= 0 , (9)
and the oeient α ≡ −2ℓ/(3qθ˜) is α = −1/3 and α = 1
for a RS and GB braneworld without phantoms, respe-
tively.
This denition diers slightly from that of [14℄ in order
to get a simpler Hamilton-Jaobi equation. From now on
we will set θ˜ = θ for lighter notation. The parameter ǫ
an be written as
ǫ = − (ln y)
′2
θ ln y
. (10)
Let us now onsider what transformations are symmetries
of Eq. (7). In general, a symmetry transformation an
be written as
a¯(ϕ) = f1(ϕ) , (11a)
y¯(ϕ) = f2(ϕ) , (11b)
provided that [ln f1(ϕ)]
′[ln f2(ϕ)]
′ = −1. In Eq. (11b) all
the elements of y¯, inluding θ, are evaluated in the dual
path. Sine in priniple it is not possible to set β =
1 = β¯ onsistently, one should restore the dimensional
fators in the previous and following expressions, noting
that [β] = E(θ+2)/(θ−2).
A simple realization of Eq. (11) is
a¯(ϕ) = y(ϕ)p(ϕ) , (12a)
y¯(ϕ) = a(ϕ)1/p(ϕ) . (12b)
In order to satisfy the above integrability ondition, the
funtion p(ϕ) must be either a onstant or
p(ϕ) = p0
ln a(ϕ)
ln y(ϕ)
, (13)
where p0 is an arbitrary real onstant.
The ase of onstant p = p0 was onsidered in [14℄ for
q¯ = q and p0 = 3/2, and in [15℄ for general p0 and energy
dependene:
a¯(ϕ) = y(ϕ)p0 , (14a)
y¯(ϕ) = a(ϕ)1/p0 . (14b)
The set of equations desribing the dual solution an be
obtained from Eqs. (14a), (9) and (6):
a¯(ϕ) = exp
(
−p0
∫ ϕ
dϕ
a
a′
)
, (15)
|H¯(ϕ)| =
[
α¯p0
ln a(ϕ)
]1/θ¯
, (16)
ε¯(ϕ) ε(ϕ) =
9ℓℓ¯
4p20
. (17)
The transformation (14) onnets the sale fator of the
expanding osmology to that of a dual osmology when
expressed in terms of the salar eld. In the dual model,
the salar eld aquires a dierent time dependene rela-
tive to its expanding ounterpart. The time variable an
be written as an integral over ϕ, t =
∫ ϕ
dϕ(ln a)′/H ; the
time variable t¯ of the dual solution is then
t¯ =
2ℓp0
3
∫ ϕ dϕ
a3ℓ¯/(2p0)
H ′
H
, (18)
in the 4D→4D ase,
t¯ =
2ℓp0
3
∫ ϕ
dϕ (ln a)1/θ¯(lnH)′ , (19)
for the pure braneworld dual of the 4D senario, while
for a general ross duality with θ¯ 6= 0 6= θ, using Eqs. (9)
and (7),
t¯ = − p0
(α¯p0)1/θ¯
∫ ϕ
dϕ
(ln a)1/θ¯
(ln a)′
. (20)
Conrete omputations may show disquieting features
when θ¯ = θ 6= 0. For example, in the Randall-Sundrum
senario a power-law expansion, a(t) = tn, is realized by
φ(t) = t1/2 , V (φ) = V0φ
−2 , (21a)
a(φ) = φ2n , H(φ) = nφ−2 , (21b)
for a normalized ordinary salar eld, while the dual RS
osmology has
a¯ = exp[−p0φ2/(3n)] , (22a)
|H¯ | = −p0[3n lnφ2]−1 , (22b)
ǫ¯ = −3n(2p0φ2 lnφ2)−1 . (22)
In the region φ < 1 with p0 > 0 (no phantoms, ǫ¯ > 0),
the dual sale fator a¯(φ) inreases from a¯(1) to a¯(0) in
a nite time interval; therefore one might regard this as
just a portion of a omplete solution, were it not for the
dual Hubble parameter whih atually goes from innity
to zero in the meanwhile. Solutions with φ > 1 and
p0 < 0 behaves better, sine they are not singular at the
origin, and extend up to the innite future.
Similarly, in the Gauss-Bonnet ase we have
φ(t) = t−1/2 , V (φ) = V0φ
6 , (23a)
a(φ) = φ−2n , H(φ) = nφ2 , (23b)
together with the GB dual
a¯ = exp(p0nφ
2) , (24a)
H¯ = −(n/p0) lnφ2 , (24b)
ǫ¯ = −(p0nφ2 lnφ2)−1 , (24)
and again the yli solution with ordinary matter
evolves with a¯ <∞ for all t and p0 > 0. On the ontrary,
in the branh with p0 < 0 the dual sale fator a¯ does not
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FIG. 1: Gauss-Bonnet potential dual to GB power-law in-
ation under the mapping (14), for some values of n and p0.
The region with φ < 1 (φ > 1) orresponds to duals with
p0 > 0 (p0 < 0).
ollapse to zero at the origin and diverges in the innite
future.
Things do not hange when exploring ross dualities.
We an try to see what happens, say, for the GB dual of
a RS osmology (θ = 1, θ¯ = −1). Starting from Eq. (21),
one gets Eq. (24) with p0 → −p0, modulo an irrelevant
positive onstant. The image of the funtion φ(t¯) is either
{φ < 1} or {φ > 1}.
Dual potentials an be obtained via the dual of Eq.
(2) or (3). Figure 1 shows the potential orresponding to
the osmology Eq. (24). Depending on the hoie of the
parameters n and p0, the funtion V¯ (φ) has a number of
loal minima and maxima, an assume negative values
and also be unbounded from below.
The properties of osmologial potentials hange very
interestingly when going from the 4D piture to the
braneworld. Take as examples fast-roll ination with
a standard salar eld and negative potentials [16, 17℄.
Fast-roll ination ours by denition when the kineti
energy of the salar eld is small with respet to the po-
tential energy, φ˙2 ≫ V (φ). In this ase one obtains a sti
equation of state (p = ρ) and a regime desribed by
a ∼ t1/3 , φ˙2 ∼ t−2 , φ ∼ ln t , (25)
from the Klein-Gordon and Friedmann equations. This
implies that at early times the kineti term dominates
over any monomial potential energy V = φm. In parti-
ular, under these onditions the behaviour of the singu-
larity will depend on the kineti energy independently of
the hoie of the potential. In a generi path with θ 6= 0,
the fast-roll regime is given by
a ∼ t1/(3q) , φ˙2 ∼ tθ−2 , φ ∼ tθ/2 . (26)
Thus the salar eld evolves quite dierently in the RS
(θ = 1) and GB (θ = −1) ase. Near the origin t ∼ 0 the
fast-roll regime is ahieved for any θ 6= 0 whenm = 2 and
for θ > 4/(2−m) when m > 2. Therefore the behaviour
of the singularity may depend nontrivially on both the
ontributions of the energy density for suitable (and still
simple) potentials on a brane.
Another result in four dimensions is that potentials
with a negative global minimum do not lead to an
AdS spaetime. Aording to the Friedmann equation
H2 = ρ, the energy density annot assume negative val-
ues; therefore at the minimum V
min
< 0 the salar eld
does not osillate-and-stop but inreases its kineti en-
ergy until this dominates over the potential ontribution.
Then one an desribe the instability at the minimum in
the fast-roll approximation through the only kineti tern;
the Hubble parameter vanishes and beomes negative [so
that (φ˙2/2)· > 0℄, and the Universe undergoes a boune.
In a braneworld senario this might not be the ase.
In fat, in the RS brane the Friedmann equation is H2 =
ρ[1+ρ/(2λ)]. If the negative minimum is larger than the
brane tension, |V
min
| >∼ λ, then, after an eventual fast-
roll transition, the quadrati orretions dominate near
the minimum and H2 ≈ ρ2. The salar eld an relax
without spoiling the onstraints from the equations of
motion.
All that we have said an be investigated in greater de-
tail by means of phase portraits in the three-dimensional
spae (φ, φ˙,H). Here we will not explore the subjet
further and limit ourselves to the above qualitative om-
ments, whose aim was to stress that ompliated dual
potentials annot be disarded by general lassial or
semilassial onsiderations. Rather, from one side they
should be studied ase by ase; from the other side, one
or more loal features enountered by the salar eld dur-
ing its evolution ould indue interesting phenomena at
the quantum level, for instane triggering premature re-
heating or a series of quantum tunnelings.
Anyway, it is not yet lear whether the dual solutions
onstruted so far, espeially those with p0 > 0, desribe
reasonable (not to mention viable) senarios. At this
point there are two possibilities. The rst one is to a-
ept these non-superaelerating osmologies and try to
explain them by means of some deeper and still miss-
ing theoretial ingredient. The seond one is to onsider
their exoti behaviour as a signal that we annot impose
p0 > 0 (or even p = onst.) onsistently in pure high-
energy braneworlds (at least in the RS and GB ases),
while the 4D osmology an be dual to another 4D os-
mology. This is due to the fat that the funtions a(ϕ)
and y(ϕ) live in dierent image real sets. Then a new
path to follow is to nd some mehanism whih regu-
larizes the dual solutions at the asymptoti past and
future. The only degree of freedom we ould exploit is
given by the parameter p, whih by this line of reasoning
must depend on ϕ. Therefore we are fored to assume
Eq. (13), whih generates the transformation
a¯(ϕ) = a(ϕ)p0 , (27a)
y¯(ϕ) = y(ϕ)1/p0 . (27b)
4For θ¯ 6= 0 6= θ the other dual quantities read
H¯(ϕ) =
(p0α¯
α
)1/θ¯
H(ϕ)θ/θ¯ , (28a)
ε¯(ϕ) =
ℓℓ¯
p20
ε(ϕ) ⇒ (28b)
ǫ¯(ϕ) =
θ
θ¯p0
ǫ(ϕ) > 0 , (28)
while
t¯ = p0
(
α
p0α¯
)1/θ¯ ∫ ϕ
dϕ
(ln a)′
Hθ/θ¯
, (29)
so that ϕ¯(t) = ϕ(t) when θ¯ = θ.
In 4D (θ¯ = θ = 0), H¯(ϕ) = H(ϕ)ℓℓ¯/p0 , t¯ =
p0
∫ ϕ
dϕ(ln a)′/Hℓℓ¯/p0 and ǫ¯ = ℓℓ¯ǫ/p20. The ross du-
ality between the general-relativisti framework (θ = 0)
and a high-energy braneworld (θ¯ 6= 0) is, after a time
redenition,
H¯(ϕ) = [lnH(ϕ)]−1/θ¯ , (30a)
ǫ¯(ϕ) = −ǫ(ϕ)[p0θ¯ lnH(ϕ)]−1 , (30b)
t¯ = p0
∫ ϕ
dϕ (lnH)1/θ¯(ln a)′ . (30)
Clearly, the eet of Eqs. (27), (28) and (29) results in a
resaling of time when θ¯ = θ, as one an verify by making
the substitution
p0 → p0 lnφ
2
φ2
, (31)
in the RS and GB power-law duals, Eqs. (22) and (24).
In this ase (whih inludes tahyon-tahyon dualities)
duals without phantoms are ahieved as long as p0 > 0.
When θ¯ 6= θ, this transformation relates the dynamis
of dierent braneworld senarios. Aording to the ross
duality between RS and GB standard ination, the dual
solution does not superaelerate if, and only if, p0 < 0.
The power-law ase is trivial sine the dual GB solution
is
a¯ = φ−2n¯ , H¯ = φ2 , ǫ¯ = n¯−1 , (32)
where n¯ ≡ −np0 and φ(t) ∝ t−1/2.
In the power-law ase the mapping (27) an be realized
also by
a¯(ϕ) = [ln y(ϕ)]s , (33a)
y¯(ϕ) = exp
(
1
sθ
∫ ϕ
dϕ
H
H ′
)
, (33b)
where s is a real onstant, giving a power-law dual a¯ =
t|s|. Note the domain range of the dual sale fator. The
dual parameter ǫ¯ is
ǫ¯ =
α
α¯θ¯θs2
|H¯|θ¯
|H |θ
1
ǫ
, (34)
whih shows how in general the mapping (33) is not
equivalent to Eq. (27). This an be seen also by onsid-
ering the ation of the former in four dimensions, where
the dual Hubble parameter reads
H¯ = exp
[
− 3ℓ¯
2s
∫ φ
dφ
lnH
(lnH)′
]
. (35)
The power-law solution is a = exp(nφ), H = exp(−φ)
and its dual is a¯ = φs, H¯ = exp(−φ2/s) and ǫ¯ = 2φ2/s2,
with potential V¯ = (1− ǫ¯/3) exp(−sǫ¯). If s < 0, there is
an instability as φ→∞, while for positive s the potential
has a loal minimum at ǫ¯∗ = 3 + 1/s [V
′′(ǫ¯∗) ∝ s℄ and
vanishes at large φ.
One an devise other transformations of the Hamilton-
Jaobi equation than Eqs. (14), (27) and (33). The last
example we give is the following:
a¯(ϕ) = exp
(
−1
r
∫ ϕ dϕ
a′
)
, (36a)
y¯(ϕ) = exp[ra(ϕ)] , (36b)
where r is a real onstant. For θ¯ 6= 0 6= θ, the basi
equations are
|H¯ | =
( α¯
ra
)1/θ¯
, ǫ¯ = − r
θ¯
a′2
a
, ˙¯ϕ = −ra′
( α¯
ra
)1/θ¯
.
(37)
The RS→RS dual (r < 0) has a¯ ∼ exp t1−n, H¯ ∼ t−n
and ǫ¯ ∼ tn−1. The RS→GB dual (r > 0) has a¯ ∼
exp t(1−n)/(1−2n), H¯ ∼ tn/(1−2n) and ǫ¯ ∼ t(1−n)/(1−2n).
The GB→GB dual (r > 0) has a¯ ∼ exp t(1+n)/(1+2n),
H¯ ∼ t−n/(1+2n) and ǫ¯ ∼ t−(1+n)/(1+2n).
In the limit n→ ∞, the GB dual of both RS and GB
osmology is a¯ ∼ exp√t, that is the Randall-Sundrum
self-dual solution with respet to Eq. (14).
We onlude with an interesting remark. The above
dualities onnet not only dierent braneworlds with the
same type of salar eld but also pathes with dierent
salars. If one wishes to onstrut osmologies with a
DBI tahyon, it is suient to start from a generi se-
nario (q, θ˜, ϕ) and hit the dual (q¯, θ¯ = 2, T ) via either Eq.
(14), (27), (33) or (36). In partiular, with Eq. (27)
H¯(T ) = H(ϕ→ T )θ/2 , θ 6= 0 , (38)
H¯(T ) = [lnH(ϕ→ T )]−1/2 , θ = 0 , (39)
in agreement, e.g., with previous results on power-law
standard and tahyon ination (see [18℄ and referenes
therein).
In this Letter we have established several relations link-
ing osmologial models living in a number of geometri-
al and dynamial realizations, inluding the 4D, RS and
GB pitures as well as tahyoni senarios. Hopefully, the
ross dualities (θ, ϕ)↔ (θ¯, ϕ¯) we have found will help in
the understanding of high-energy phantom and bouning
models of the early Universe.
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